In this paper, we present a new non-parametric combined segmentation and registration method. The shapes to be registered are implicitly modeled with level set functions and the problem is cast as an optimization one, combining a matching criterion based on the active contours without edges for segmentation (Chan and Vese, 2001) [8] and a nonlinear-elasticity-based smoother on the displacement vector field. This modeling is twofold: first, registration is jointly performed with segmentation since guided by the segmentation process; it means that the algorithm produces both a smooth mapping between the two shapes and the segmentation of the object contained in the reference image. Secondly, the use of a nonlinear-elasticity-type regularizer allows large deformations to occur, which makes the model comparable in this point with the viscous fluid registration method. In the theoretical minimization problem we introduce, the shapes to be matched are viewed as Ciarlet-Geymonat materials. We prove the existence of minimizers of the introduced functional and derive an approximated problem based on the Saint Venant-Kirchhoff stored energy for the numerical implementation and solved by an augmented Lagrangian technique. Several applications are proposed to demonstrate the potential of this method to both segmentation of one single image and to registration between two images.
Introduction
Image segmentation and image registration are challenging issues that are encountered in a wide range of fields such as medical imaging (object detection and shape tracking, comparison of images taken at different instants, data fusion from images that have not necessarily been acquired with the same modality, comparison of data to a common reference frame), pattern recognition or geophysics, etc.
Considering two images called template and reference, registration consists in finding an optimal diffeomorphic transformation to map the template into an image similar to the reference, while segmentation aims at detecting and visualizing the contours of the objects contained in a given image. For images of the same modality, a well-registered template has geometric features and intensity distribution matched with the reference. For images produced by different mechanisms and possessing distinct modalities, the goal of registration is to correlate the images while maintaining the modality of the template.
We propose in this paper a segmentation model based on the active contour model without edges [8] , that is no longer solved in terms of level set functions. This is now solved using registration techniques. Therefore, a displacement field models the deformation of the initial curve into the final segmented boundary via registration. Thus, the binary segmentation functional [8] , (R is the given image, / is a level set function describing the unknown contour, H is the one-dimensional Heaviside function), can be reformulated as a warping problem between the binary image defining the initial contour, and the (unknown) binary segmented image. Or the proposed model can also be used for registration between two (binary-like) images: having a segmentation of one of the images defined via a displacement field, this is used as initial guess in the ''registration-segmentation'' model, to segment/register the second image. The main ingredients of our proposed minimization model are thus the active contour model without edges [8] , and registration via a nonlinear elasticity smoother, solved in a particular simplified way. The unknown transformation is substituted for the unknown level set function / with an appropriate regularization as a substitute for the length term. Topology-preserving segmentation results can be obtained, together with applications to registration of (binary-like) images.
In many applications, such as medical imaging, topology constraint is a desirable property in segmentation (and registration). In other words, if we know the topology of the desired contour (e.g., being topologically equivalent to a circle), then the initial contour (a circle for instance) should be deformed without change of topology (without merging or breaking). This is difficult to achieve in a standard level set implementation of the active contour. Topology-preserving segmentation techniques have been previously proposed by Han et al. [26] , Sundaramoorthi and Yezzi [46] , Le Guyader and Vese [28] (see also work by Alexandrov and Santosa [1] for a material science application), and more recently by Arrate, Ratnanather and Younes [2] , among other work. For more details on this subject, we refer the reader to these prior work.
An extensive overview of registration techniques can be found in [37] . These can be partitioned into two classes: parametric and non-parametric. In the non-parametric methods (our framework), unlike parametric methods, the transformation is not restricted to a parameterizable set. The problem is phrased as a functional minimization whose unknown is the displacement vector field u. Denoting by T the template, by R the reference, the introduced functional combines a distance measure component D½R; T; u and a smoother on the displacement vector field S ¼ S½u to remove the ill-posed character of the problem. Usually, the distance measure is intensity-driven and is chosen to be the L 2 -norm of the difference between the deformed template and the reference (suitable when the images have been acquired through similar sensors), i.e. D½R; T; u ¼ 1 2 R X ðTðx þ uÞ À RðxÞÞ 2 dx, but one could also use correlation-based or mutual informationbased techniques [37] . Several methods to regularize the displacement vector field have been investigated. One is the elastic registration introduced by Broit [6] , in which the objects to be registered are considered to be the observations of a same elastic body before and after being subjected to a deformation. The smoother S ¼ S½u is chosen to be the linearized elastic potential of the displacement vector field u and its expression integrates the Lamé coefficients k, l which reflect material properties. A drawback of this smoother is that it is not suitable for problems involving large deformations. To circumvent this problem, Christensen et al. [11] proposed a viscous fluid registration model (not in a variational form) in which objects are viewed as fluids evolving in accordance with the fluid-dynamic Navier-Stokes equations. More precisely, it consists in minimizing the linearized elastic potential of the velocity of the displacement vector field (nonlinearly related to the displacement vector field via the material derivative). With time, the constraint weakens as u reaches a steady state and large deformations are therefore authorized. One drawback of this method is the computational cost. Numerically, the image-related force field is first computed at time t. Fixing the force field f, the linear PDE satisfied by the velocity is solved by means of a successive over-relaxation (SOR) scheme. Then an explicit Euler scheme is used to advance the displacement vector field in time.
In the diffusion registration model introduced by Fischer and Modersitzki [20] , the smoother is based on the semi-norm of
X being an open bounded subset of R n . Regularizing properties motivate this choice (it minimizes oscillations of all components of u) rather than physical ones but here again only small deformations can be expected. In the ''curvature''-based registration model introduced by Fischer and Modersitzki [21, 22] , the _ H 2 (biharmonic) regularization is employed. Affine linear transformations belong to the kernel of the regularizer S½u, which is not the case in elastic, viscous fluid or diffusion registration. But here again, transformations are restricted to small deformations. To circumvent this drawback, we propose in this paper a nonlinear elasticity-based smoother that allows larger deformations.
Many improvements or alternatives of these non-parametric methods have been proposed. These include [24, 25, [31] [32] [33] 57] .
In [24] , Haber and Modersitzki address the issue of non-parametric image registration under volume-preserving constraints. They propose to restrict the set of feasible mappings by adding a volume-preserving constraint which forces the Jacobian of the deformation to be equal to one.
Papers [25, 57] are dedicated to topology-preserving constraints applied to the deformation mapping so as to keep it diffeomorphic. These methods differ from classical regridding techniques (see [11] ) in which one monitors the values of the Jacobian of the deformation, stops the process when the values drop below a threshold and reinitializes the process using the deformed template obtained at the previous step. In [25] , Haber et al. propose to monitor the Jacobian of the deformation in order to prevent the deformation from exhibiting twists and foldings. More precisely, the authors aim at keeping the Jacobian bounded, which leads to an inequality-constrained minimization problem. An information-theoreticbased approach is proposed in [57] to generate diffeomorphic mappings and to monitor the statistical distribution of the Jacobian. The authors propose to quantify the magnitude of the deformation by means of the Kullback-Leibler distance between the probability density function associated with the deformation and the identity mapping.
Also, some new frameworks have been studied. In [33] , the authors propose to quantify differences between images by matching gradient fields. In [32] , Liao et al. propose a level set-based framework for matching overlapping/non-overlapping shapes and open curves.
Pennec and collaborators have done extensive work on image registration for medical applications with large deformations by variational principles, fluid registration, demons algorithm. We refer the reader to [7] among many other work. Also, we refer to Ashburner [3] and Maheswaran et al. [35] for other examples of image registration techniques.
By comparison with some of these methods, the only input required in our method is a fixed level set function representing the template image, that is, partitioning the image into two regions. Also, we jointly treat segmentation and registration: the distance measure is devised using the segmentation criterion [8] , while registration is jointly performed, guided by the segmentation process. Our method applies to a particular class of images, since the binary criterion is being used. Before depicting our approach, we would like to mention previous work for joint segmentation and registration while stressing the main differences with our model.
In [58] , Yezzi et al. also suggest to jointly treat segmentation and registration. Denoting by
! R the two images containing a common object to be registered and segmented, their goal is to find a closed curve C & X which captures the boundary of an object in image R and another closed curve b C & b X which captures the boundary of the corresponding object in image b R, these closed curves being related through the mapping g : R 2 ! R 2 ; g 2 G, (G, finite dimensional group, for instance the group of rigid motions) such that b C ¼ gðCÞ. If the fidelity criterion is defined in terms of a regionbased energy as ours, the regularizer is different, based on the mean curvature flow, in order to ensure that the evolving contour remains smooth. Also, our functional to be minimized is straightforwardly phrased in the level set framework and the class of admissible deformations (rigid, etc.) is not an input in our model. It should be pointed out that their model, first exposed in the context of rigid deformations, has then been extended to non-rigid motions [49, 54, 55] .
We would also like to mention the interesting work by Lord et al. [34] which uses a matching criterion based on metric structure comparison. The authors propose a unified method that simul-taneously treats segmentation and registration by introducing two unknowns in the process: the deformation map and the segmenting curve. The segmentation process is guided by the registration map. The matching criterion, unlike classical registration methods, rests on the minimization of deviation from isometry. It is based on the metric structure comparison of the surfaces, more precisely on their first fundamental form, and on a homogeneity constraint as in [8] . Thus contrary to our model in which the expected curve (implicitly represented as the zero level set of a Lipschitz function) delineates two regions with homogeneous intensity, their criterion is still based on metric structure comparisons to disconnect normal regions from abnormal ones.
We would also like to mention the related work by Vemuri et al. [51, 52] . The authors propose a coupled PDE model to perform both segmentation and registration. In the first PDE, the level sets of the source image are evolved along their normals with a speed defined as the difference between the target and the evolving source image. The second PDE allows to explicitly retrieve the displacement vector field. In particular, in the work of Vemuri-Chen [50] for joint registration and segmentation, the piecewise-smooth level set segmentation model from [53] is combined with prior shape information through global alignment. As will be seen below, our model is different from the one in [50] . We also refer the reader to [9] in which a geodesic-active-contour-based model including a shape prior is presented, and [10] in which a shape prior is incorporated this time in the Mumford-Shah model.
Related work is presented in [19] , on an atlas-based segmentation of medical images locally constrained by level sets. We wish to refer to a segmentation method, different from ours, that also uses nonlinear elasticity to define the deformation of the evolving contour or surface in Rouchdy et al. [45] . The segmentation criterion is based on the gradient vector flow [56] , and a deformation field is computed via nonlinear elasticity using the finite element method. For completeness, we also refer the reader to [5, 36] for a variational registration method for large deformations and to [42] , for a much related work which also uses nonlinear elasticity regularization but which is implemented using the finite element method. In [42] , the authors also devise an hyperelastic material model valid for large-magnitude deformations. The proposed mathematical framework is very general to the extent that the stored energy density function is written as a function of the location in the reference configuration and the right Cauchy-Green strain tensor, without additional details. This yields a general variational problem which is solved using a 3D finite element approach.
To finish, we would like to mention the work of Droske et al. [16] [17] [18] . In Droske and Rumpf [16] , a related work uses nonlinear elasticity principles but different from our proposed approach. Their model differs from ours in several points. First of all, the authors address the issue of non-rigid registration of multi-modal image data. It means that there is no correlation of image intensities at corresponding positions. A suitable deformation is determined via the minimization of a morphological matching functional which locally measures the defect of the normal fields of the set of level lines of the template image and the deformed reference image. Their matching criterion thus already includes first order derivatives of the deformation, contrary to ours which is solely based on the deformation itself. This matching functional is complemented by a nonlinear elastic regularization: they consider a general energy functional of the form E reg ½U ¼ R X WðDU; Cof DU; det DUÞdl, where W : R dÂd Â R dÂd Â R ! R is supposed to be convex. In our method, we view the shapes to be matched as Ciarlet-Geymonat materials, case that is included in the general form of [16] . A more related work with ours is by Droske, Ring, Rumpf [18] , and by Droske, Rumpf [17] , where segmentation and registration criteria are also combined, as in the present work. The general Mumford and Shah functional [38] is used in the minimization (in our work we use a binary piecewise-constant Mumford and Shah version), combined with registration of the unknown edge sets. The regularization on the deformation is imposed via variational nonlinear elasticity principles in [18] , and via the above-mentioned morphological matching functional in [17] , as in [16] . The main differences between work [17, 18] and our work are: in [17, 18] , the deformation and the edge sets are considered as separate variables, while in our work only the deformation is the explicit unknown, and not the edge set (in the present work, we still minimize a segmentation-like functional, which is solved using registration techniques); for the numerical implementation, [17, 18] use finite elements, while we use finite differences and thus a fixed regular grid (also, a finite differences algorithm on a regular grid can much easier be extended to three dimensions, by comparison with a finite element discretization); we also propose a different way for the minimization, based on auxiliary variable and the augmented Lagrangean method; finally, we provide a complete theoretical analysis of the minimzation problem, proving the existence of minimizers.
Finally, we would like to mention that this work is the continuation of a very preliminary conference proceedings version [30] . More details of the proposed method are presented in technical report [29] .
Description of the proposed model
As mentioned in Section 1, the scope of the proposed method is twofold:
-Devise a theoretically well-motivated model in which (binary) segmentation and registration are jointly performed. -Large and smooth deformations must be authorized, while keeping the deformation map topology-preserving.
We see in the sequel how these criteria are fulfilled. Let us emphasize that the focus of the paper is on the mathematical presentation of a nonlinear elasticity-based combined segmentation/registration method. Hence, the computational results are currently still restricted to two dimensions. However, as will be seen in Section 3, the proposed algorithm can be easily adapted to the three-dimensional case.
Distance measure criterion
There are forward and backward registrations. In this work, we adopt the Eulerian framework to find a backward transformation U such that the grid points y in the deformed image template originates from non-grid points x = U(y).
Let X be a connected bounded open subset of R 3 with Lipschitz boundary oX, representing the reference configuration. Let us denote by R : X ! R the ''reference'' image to be segmented (later we will discuss how the proposed method can be used for registration between a template image T : X ! R and the reference image R; initially, our method is defined as a segmentation method based on [8] ). The shape from the template image is supposed to be modeled via a Lipschitz function U 0 whose zero level line is the shape boundary. Denoting by C the zero level set of U 0 and w & X the open set it delineates, U 0 is such that:
The deformation of the evolving curve is made in order to satisfy a segmentation criterion. Indeed, the distance measure we introduce is related to the fitting term of the active contours without edges model [8] . In this way, registration and segmentation are correlated and we expect, at the end of the process, to obtain the segmentation of the reference image as well as a smooth deformation map. It results in a region-based intensity approach and no longer in a pointwise process as usually done.
In that purpose, let u : X ! R 3 be the deformation of the reference configuration. A deformation is a smooth enough mapping that is orientation-preserving and injective except possibly on oX. We also denote by u the associated displacement such that u = id + u.
The deformation gradient is ru ¼ I þ ru; X ! M 3 ðRÞ, the set M 3 ðRÞ being the set of all real square matrices of order 3. Thus the idea is to find a smooth vector field u defined above, u ¼ ðu 1 ;
,u 3 (x)) 2 X, for each x 2 X, such that the zero level line of U defined by U(x) = U 0 (x + u(x)) fits the boundary of the object to be warped in the given ''reference'' image.
We emphasize that U 0 is not an unknown in the segmentation-registration problem. Denoting by H the one-dimensional Heaviside function, by m 1 , m 2 > 0 two fixed parameters and c 1 and c 2 being two unknown constants depending on U 0 (fixed), given image R and unknown displacement u, the distance measure functional F d (the segmentation criterion) is defined by:
In the calculations, the Heaviside function being not differentiable, it is replaced by a C 1 regularization defined by
, so from now on, we set:
We need to add a regularization term of the form F reg (u) to (2.2), which is a substitute for the length term of the evolving curve in [8] , and therefore the unknown U(x) from [8] is replaced by U 0 (x + u(x)), with U 0 fixed now. Thus, we obtain a binary segmentation method that can also be used for registration. The segmentation problem impacts the registration result and vice-versa: therefore, these problems cannot be considered as independent in our model.
Introduction of a nonlinear-elasticity-based regularizer
A regularizing term F reg is now introduced to ensure the smoothness of the displacement vector field u. To allow large displacements, we introduce a nonlinear-elasticity-based smoother. As stressed by Fischer and Modersitzki ([22] ), the smoother depends on the particular properties required for the displacement vector field and is related to the physics of the object under consideration. As mentioned in [42] , the theory of linear elasticity is not suitable for the present work because it assumes small strains and validity of Hooke's law, both of which are invalid for large-magnitude material deformations. It is thus necessary to turn to the nonlinear deformation theory. We propose to view the shapes to be registered as hyperelastic materials.
We recall that the right Cauchy-Green strain tensor is defined
all symmetric matrices of order 3. Physically, the right CauchyGreen tensor can be regarded as a quantifier of the square of local change in distances due to deformation. The Green-Saint Venant strain tensor is defined by
Associated with a given deformation u, it is a measure of the deviation between u and a rigid deformation. We also need the following notations:
The stored energy of an isotropic, homogeneous, hyperelastic material, if the reference configuration is a natural state, is of the form:
The stored energy function of a Saint Venant-Kirchhoff material is defined by:
ð2:4Þ
The Saint Venant-Kirchhoff material is the simplest one that agrees with the expansion (2.3) and its stored energy can be written:
ð2:5Þ
Raoult ( [43] ) proved that the stored energy function of a Saint Venant-Kirchhoff material is not polyconvex. It is also not rank-1 convex and consequently not quasiconvex, which raises a drawback of theoretical nature since we cannot obtain the weak lower semi-continuity of the introduced functional. Also, as stressed by Ciarlet in [13] , the stored energy lacks a term preventing the Jacobian matrix of u to approach zero.
In [12] , Ciarlet and Geymonat build a family of Ogden materials whose polyconvex stored energy is derived in order to comply with the expansion of the stored energy function of a homogeneous, isotropic, hyperelastic material near a natural state defined by (2.3).
Given k > 0 and l > 0 two given Lamé coefficients, we consider the Ciarlet-Geymonat material with stored energy:
ð2:6Þ which can be rewritten, with C = F T F: The norm of the Jacobian of the deformation kFk controls the isotropically averaged change of length under the deformation. The norm of the matrix of cofactors of the Jacobian of the deformation k Cof Fk is the proper measure for the averaged change of area.
At last, the local volume transformation under a deformation u is represented by det(ru) = det(F).
Using the following identities,
this last inequality is obtained using Cayley À Hamilton theorem and so; 
Also, these equations need to be solved in such a way that a 1 > 0, a 2 > 0, b > 0, c > 0 and d > 0. From the first equation we draw the value of e, e = À(3a 1 + 3a 2 + 3b + c). By rearranging the remaining equations and expressing a 1 , a 2 , b with respect to C 0 (1) and C 00 (1), we obtain:
; 
Integrating the last relation, we deduce that if k P 2l, the feasible set is a triangle. If k < 2l, the set of feasible pairs (C 0 (1), C 00 (1)) is a trapezium (see Figs. 1-3 ).
With these prescribed values of a 1 , a 2 , b, c, d and e, it is easy to prove that the stored energy function satisfies: 4 is convex and consequently, the proposed stored energy function (2.6) is polyconvex.
Total energy functional
Based on the above motivations, we propose theoretically to use the Ciarlet-Geymonat stored energy function defined in (2.6) and thus the nonlinear elasticity regularizer that will be coupled with the distance measure functional F d is defined by:
ð2:8Þ
Finally, the total energy E total considered is given by: where u belongs to a suitable space that will be defined hereafter and where
by fixing u and minimizing E total (c 1 , c 2 , u) with respect to c 1 and c 2 .
We now prove the existence of (global) minimizers of (2.10). gðx; F; G; dÞ ¼ þ1: In our case, Moreover, We would like to mention that relations between the Saint Venant-Kirchhoff material and the Ciarlet-Gaymonat material are discussed in [14, 15] . 
Implementation

Numerically Considered Problem
As previously stressed, the stored energy function of a Saint Venant-Kirchhoff material resembles the one of the theoretically considered Ciarlet-Geymonat material. Saint Venant-Kirchhoff materials are homogeneous, isotropic, hyperelastic and the axiom of frame indifference is satisfied (see [13] for more details). Also, as stressed by Ciarlet ([13] ), Saint Venant-Kirchhoff materials are the simplest among nonlinear models (large strains are possible when the stress is small, however a linear relation implies that the stress is small if and only if the strain is small). In addition, the component that appears in the considered Ciarlet-Geymonat material that prevents the Jacobian matrix of u to approach zero, although theoretically useful, is hard to handle numerically. We have compared both St. V-K and C-G models from a numerical point of view and larger deformations occur when dealing with the Saint Venant-Kirchhoff stored energy. These remarks motivate the choice to numerically work with Saint Venant-Kirchhoff materials: we propose to view the deformation of the initial contour into the final segmented contour as the deformation undergone by Saint Venant-Kirchhoff materials. The stored 
Thus the nonlinear elasticity regularizer that will be coupled with the distance measure functional F d is defined by: ) to insure existence of minimizers, we get, in practice, better results than those obtained with linearized models, as will be demonstrated next.
The computation of the Euler-Lagrange equation satisfied by u is cumbersome. Inspired by [39] (which is in fact the variable splitting method), we overcome the difficulty of minimizing the nonlinear elasticity functional by introducing an auxiliary variable V for the Jacobian matrix ru. The nonlinear elasticity regularizer is thus applied to V and no longer to ru, that is, the nonlinearity is no longer in the derivatives of the unknown u. More precisely, letting
, we redefine the smoothing functional F reg = -F reg (ru) = F reg (V) by: In the numerical experiments, we restrict ourselves to the twodimensional case. Experiment Number of rigridding steps det(Jac) P tol Min(det(Jac)) Max(det(Jac)) segmentation of the two disks; middle left, deformation field using nonlinear elasticity regularization; middle right, deformation grid; bottom, detru.
Numerical implementation
We propose to solve problem (3.19) by the augmented Lagrangian method. This algorithm reduces the possibility of ill-conditioning of the subproblems generated in this approach, by introducing explicit Lagrange multiplier estimates at each step into the function to be minimized (see [40] for more details).
The augmented Lagrangian method (see also for instance [27, 41] or [44] ) has been applied to nonlinear PDE's and mechanics in [23] and more recently in image processing in [48] to solve the Rudin-Osher-Fatemi problem. Tai and Wu overcome the difficulty related to the non-differentiability of the considered minimization problem by also introducing an auxiliary variable. They then demonstrate that the dual methods and split Bregman iteration are different procedures to solve the same system resulting from a Lagrangian and penalty approach. 2 M 2 ðRÞ is the Lagrange multiplier, a is a positive constant, and with A: B = trA T B the matrix inner product and kAk ¼ ffiffiffiffiffiffiffiffiffiffi ffi A : A p the matrix norm. The goal is thus to search for a saddle point of the functional L a ðc 1 ; c 2 ; u; V; bÞ. We now derive the system of optimality conditions.
We set H 11 . Topology-preserving segmentation of a noisy synthetic image. Top left, the boundary of the disk (zero level set of U 0 ) superimposed on the input data R; top right, the segmentation of the geometrical figure (only one contour is detected due to the topology preservation); middle left, deformation field using nonlinear elasticity regularization; middle right, deformed grid; bottom, detru.
Computing the first variation of functional
2) with respect to u gives the following gradient:
To finish, setting V = (v ij ) 16i,j62 and letting
we obtain:
ð3:21Þ
The system of optimality conditions is thus given by: 
).
To solve problem (3.23), as done in [48] , we divide it into two subproblems: Topology-preserving segmentation of a noisy synthetic image (same data as in Fig. 11 , but with different initialization to illustrate larger deformation). Top left, the boundary of the disk (zero level set of U 0 ) superimposed on the input data R; top right, the segmentation of the geometrical figure (only one contour is detected due to the topology preservation); middle left, deformation field using nonlinear elasticity regularization; middle right, deformed grid; bottom, detru.
for fixed u, and then
for given V with c 1 and c 2 defined above. Numerically, the Euler-Lagrange equations in u and V are solved using a gradient descent method, parameterizing the descent direction by an artificial time t P 0. Systems of 4 and 2 equations are obtained (solved by semi-implicit finite difference schemes), equipped with the boundary conditions u ¼ 0 R 2 on oX.
Either we use a Uzawa-type approach -that is, we solve the minimization problem in u and V at each step k and then update b-or an Arrow-Hurwicz approach is selected, leading in this case to only one gradient descent step in the minimization of u and V and one gradient ascent step in the maximization of b.
In the algorithm, we have used a regridding technique quite similar to the one proposed by Christensen et al. [11] . The Jacobian det(r(Id + u)) is monitored and if it drops below a defined threshold in some parts of the image, the process is reinitialized (V ¼ 0 M 2 ðRÞ ; u ¼ 0 R 2 and b ¼ 0 M 2 ðRÞ ). The only change is that instead of doing the reinitialization step with the last deformed template as done in [11] , we use the last deformed level set function U 0 (Á + u(Á)). The overall displacement u is reconstructed similarly to [11] . Note that the proposed algorithm can be straightforwardly extended to the three-dimensional case: the expression of to solve systems of respectively 9 and 3 equations but no particular difficulties are encountered.
Numerical experiments
We conclude the paper by presenting several results on both synthetic and real images in 2 dimensions. In most experiments, m 1 = m 2 = 1 but when dealing with complex topologies involving long and thin concavities, these parameters have been increased up to 2.5, or took slightly different values. We illustrate two applications of the proposed method: image registration and topologypreserving segmentation. Since we have limited ourselves to a binary criterion only, the chosen images are well approximated by binary images. The binary criterion could be substituted by other more general terms, function of the desired application.
Note that in the sequel, parameter k (Lamé' s first parameter) is always set to zero. This parameter has no physical meaning. Also, it can be related to Poisson's ratio m via the relation m ¼ k 2kþl
. By selecting k = 0, it yields m = 0, which is not inconsistent since it is usually between -1 and 0.5. Poisson's ratio is a measure of Poisson's effect which can be regarded as the ability of a material compressed in one direction to expand in the other (two) direction(s) and conversely for stretching, so m = 0 means that if the material is compressed (its width dimininishes), the height of this material is not altered.
Applications to image registration
Our first experimental test in Fig. 4 is similar to those performed by Modersitzki in [37] (we refer to pages 114-115, 129-130, 150-153, 168-170 for comparisons using linear elasticity, diffusion, curvature, or the viscous fluid method), with the goal to illustrate that the model easily handles large displacements. The problem is to warp a black disk to the letter C both defined on the same image domain. The given data are the template and reference images as well as the curve delineating the disk boundary. We wish to demonstrate that our method qualitatively performs in a way similar to the fluid model without requiring the expensive Navier-Stokes solver employed for its numerical discretization, and provides two results: the segmentation of the reference image as well as a smooth displacement vector field u. The implementation is simple, based on finite difference schemes, and allows to remove the nonlinearity in the derivatives of the unknown u. The method allows large deformations unlike the linear elasticity model, diffusion model, curvature-based model for which the registration cannot be accomplished, the images differing too much (see pages 114-115, 150-153, 168-171 from Ref. [37] ). In this example, four regridding steps were necessary: the transformation was considered as admissible if the Jacobian exceeded 0.075. Note that regridding steps were also necessary with the fluid registration model. The parameters were set to Dt = 0.01 in the gradient descent method, k = 0, l = 1000 and a = 60000.
For the next four examples, we illustrate a medical application for image registration through the proposed segmentation-registration algorithm, which is applied to real data. As shown in Figs.
5-9, the method is proposed for mapping a 2D slice of mouse brain gene expression data (template) to its corresponding 2D slice of the mouse brain atlas in order to facilitate the integration of anatomic, genetic, and physiologic observations from multiple subjects in a common space. Since genetic mutations and knock-out strains of mice provide critical models for a variety of human diseases, such linkage between genetic information and anatomical structure is important. The data are provided by the Center for Computational Biology, UCLA. The mouse atlas database was pre- 18 . Topology-preserving segmentation of the hand image, producing similar results with those from Refs. [26, 28] . From left to right, top to bottom: initial contour superimposed over the input image data R, and results at iterations 500, 1000, 1500, 2500, 3000.
together with the determinant of the Jacobian matrix of the deformation on the fourth rows. For all four results from Figs. 5, 7, 8, and 9 on the mouse data, we have used the parameters Dt = 0.01, k = 0, l = 3000, a = 40000. The number of regridding steps, together with the tolerance on the minimum of the determinant of the Jacobian and its range are summarized in Table 1 . Regarding the experiment shown in Fig. 5 , we also display the components of V and ru in Fig. 6 to illustrate that we have a good match between these two variables. In these numerical experiments, the segmentation was correctly achieved after 800-1400 iterations with a computational time of a few seconds on two-dimensional slices of the mouse brain of size 200 Â 200.
Applications to topology-preserving segmentation
The following examples illustrate how the method can be used in the case of topology-preserving segmentation. We refer the reader to [1, 2, 26, 28, 46] for more details on this topic. In many applications, such as medical imaging, topology constraint is a desirable property. In other words, if we know the topology of the desired contour (e.g., equivalent with a circle), then the initial contour (a circle for instance) will be deformed without change of topology (without merging or breaking). This is difficult to achieve with a standard level set implementation of the active contour.
We begin with the example in Fig. 10 . This synthetic reference image represents two disks (similar to tests performed in prior related works [26, 28, 46] ). The initial shape U 0 is made of a black ellipse such that when superimposed on the input image R, its boundary encloses the two disks. We aim at segmenting these two disks while maintaining the same topology throughout the process (one path-connected component) and at obtaining a smooth displacement vector field u. In this example, Dt = 0.01, k = 0, l = 500, a = 4000 and three regridding steps were necessary.
The transformation was considered as admissible if the Jacobian exceeded 0.0625. Also, min det = 2.45 Â 10 À5 , max det = 39.1681 and the total iteration number is 600 (12 main steps in k and 50 iterations in the gradient descent method to find u k and V k ).
The method has been tested on two synthetic noisy images. In both cases, the goal is to segment the boundary of the given geometrical figure (topologically equivalent with a circle). In the torus example (Fig. 11) , Dt = 0.02, k = 0, l = 1000, a = 30,000 and one regridding step was necessary. The transformation was considered as admissible if the Jacobian exceeded 0.1. Also, min det = 0.039267, max det = 2.8981 and the iteration number is 200 (4 main steps in k and 50 iterations in the gradient descent method to find u k and V k ). A similar result is shown in Fig. 12 , where a different initialization is chosen, requiring larger smooth deformation during the process (Dt = 0.02, m 1 = 1.5, m 2 = 2.5, l = 1000, a = 30,000, min det = 0.000088944). In the triangle example (Fig. 13) , Dt = 0.02, k = 0, l = 1000, a = 25,000 and one regridding step was necessary. The transformation was considered as admissible if the Jacobian exceeded 0.2. Also, min det = 0.16065, max det = 6.236432 and the iteration number is 250 (five main steps in k and 50 iterations in the gradient descent method to find u k and V k ). Again, a similar result is shown in Fig. 14 , where a different initialization is chosen, less overlapping with the desired object, and requiring larger smooth deformation during the process (Dt = 0.02, m 1 = 2.5, m 2 = 2.5, l = 1000, a = 30,000, min det = 0.0035).
The method has also been tested on complex slices of brain data. The goal is to register a disk to the outer boundary of the brain with topology preservation. In Fig. 15 , the template image, defined on the same image domain, is made of a disk (shown superimposed on the reference). For this slice of the brain, the parameters are such that Dt = 0.01, k = 0, l = 500, a = 54,000 and two regridding steps were necessary. The transformation was considered as admissible if the Jacobian exceeded 0.075. Also, min det = 0.01419, max det = 8.369458 and the iteration number is 2500 (five main steps in k and 500 iterations in the gradient descent method to find u k and V k ). The same problem has been investigated in Figs. 16 and 17 . Finally, we show another numerical result on the hand image from Fig. 18 , illustrating topology-preserving segmentation and larger deformations. The method produced similar results with those from [26, 28] . In Fig. 19 , we show two zooms of the region in between the fingers in the final segmentation, to better see that the curve did not undergo any merging or breaking.
Conclusion
This paper was devoted to a combined segmentation and registration framework allowing large deformations. The proposed theoretical variational model is based on a nonlinear elasticity regularizer and a distance measure related to the active contours without edges model ( [8] ). We provide a result of existence of minimizers for the introduced minimization problem and derive an approximated model based on the Saint Venant-Kirchhoff stored energy. This later problem is the one that is numerically implemented. Contrary to prior works on nonlinear elasticity using the finite element method, the implementation is made introducing an auxiliary variable for the Jacobian matrix of the displacement vector field u, thus removing the nonlinearity in the derivatives of u and decreasing the computational cost. The introduced constrained optimization problem is solved using the augmented Lagrangian method. The method produces both the segmentation of the object contained in the reference image and a smooth deformation between the template and reference images. For experiments requiring relatively large deformations, in most cases, no regridding step is necessary. For extreme cases such as the warping of the black disk to the letter C, only a few regridding steps ('3/4) is required.
We also demonstrated how this method could be used in the case of topology-preserving segmentation.
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